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Revisiting the Normal Cathode Fall Theory 
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The theory of the normal cathode fall is being reexamined. Free diffusion of high-energy 
electrons over wide area about 1/ 2( / )dif CFU I dλ � , where difλ  is a diffusive length, U  is 

the voltage across the cathode fall, I is the ionization potential and CFd  is the length of the 
cathode fall (CF), accompanied by efficient ionization rather than a drift through the CF 
region accompanied by an avalanche is suggested. As electrons have energy significantly 
larger than ionization potential, the ratio of ionizing to exciting collisions is very large 

/i exσ σ , so moving back and forth between CF and negative glow regions electron can 
produce large number of ionizations in the CF. Clarified the importance of the negative glow 
region for the operation of the CF. 

1. Introduction 
 The normal cathode fall (NCF) is usually treated 
in theory as an extension of the gas breakdown 
theory [1] for the non-uniform field. Indeed, in 
every book related to gas discharge one can find the 
same fluid based consideration where the particle 
balance in the cathode fall is provided by the 
secondary electron emission from the cathode 
(coefficient γ ) following by electron avalanche, 
which produces 1/γ  number of ions in this region. 
The only difference with common consideration of 
the gas breakdown is a nonuniformity of the electric 
field and that the size of the cathode fall ( nd ) 
related to the discharge current, rather than the gap 
length L . One often uses expression1 

exp( / )Ap Bp Eα = −   (1) 
for the first Townsend coefficient, describing the 
electron avalanche spatial growth rate, where E  is 
the local electric field, and p  is the gas pressure. 
While this approach is adequate for consideration of 
the cathode fall region when its size CFd  is still 
large compared to the size of the NCF, 

CF npd pd� , it is certainly not good for considera-
tion of the NCF, where not only the size of the non-
uniformity, but the whole region is only a few times 
larger than electron mean free path. Not surprising-
ly, that this approach leads to some inconsistencies 
and misconceptions. For example, one usually sug-
gests that “the potential distribution would be ideal 
if the potential difference equal to the minimum 
breakdown voltage, minV , was concentrated over the 
corresponding length minpd  at the cathode”, [1] this 
would ensure reproduction at minimum applied 
voltage (optimum /E p ). This implies that any oth-

                                                 
1  For noble gases one use exp( / )Cp D p Eα = − .  

er distribution would require higher voltage to sus-
tain. Indeed, application of this view to a non-
uniform field of the NCF results in the voltage 
across NCF and its size exceeding minV  and minpd : 

min min1.1NCFV V V= > , NCFpd =  1.4 npd >  npd . 
Table 1 shows experimentally measured in the dis-
charges in air and argon with iron cathodes values of 

minV , nV , minpd , npd  and predicted values of 

NCFV and NCFpd , based on values of minV  and 

minpd . One can see that opposite to the prediction, 
values nV , and npd  are actually not larger, but 
rather significantly smaller than minV  and minpd . 

Table 1 [1, 2, 10] 
Gas/ 
Cath. minV

 
min1.1V nV  minpd min1.4 pd npd

 

air/Fe 330 363 269 0.57 0.8 0.52 
Ar/Fe 265 291 165 1.5 2.1 0.33 

2O /Fe 410 451 290 0.5 0.7 0.31 

 This fact by itself, independently on specific 
values of coefficients A , B  and γ  tells that the 
theory misses some important elements. 
 Most of attempts to investigate the cathode fall 
kinetically - both analytically and numerically [3-7], 
were focused on the account of nonlocal character of 
the first Townsend coefficient α  in a nonuniform 
field, and demonstrated capabilities of one or anoth-
er numerical approach using helium discharge. They 
however did not investigate a large number of dis-
crepancies between predictions based on that ap-
proach and observed characteristics of the NCF.  For 
example, it is not clear how such short cathode fall 
can sustain itself (in many cases the ionization 
length iλ  is almost as large as nd ) – numerically 
found [5] α  is about half of what is necessary for 
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the balance. Not clear why discharge in the same 
gas and different cathode materials results in very 
different average electric fields /( )n nV pd . Based on 
tables for nV  and npd  [1,2] the ranges of /( )n nV pd  
(in /V cmTorr ) for limited combinations of gases 
and cathode materials are: 517 1608−  in air, 512 −  
581in 2N , 935 1296−  in 2O , 500 517−  in argon, 
and 82 115−  in helium. Even more strange that 

npd  and nV  depend differently and non-mono-
tonically on the secondary emission coefficient (see 
Table 2). 
 Clearly, existing description of the NCF is 
incorrect qualitatively and has to be reconsidered. In 
this presentation we suggest a new idea, which may 
help explain some peculiarities of the NCF. 
 
Table 2. nV  and npd  ( cmTorr ) for different combina-
tions of gases and cathode materials [1, 2]. 

Gas/ 
Cath. 

air 2N  2O  He  

Al 229/0.25 180/0.31 311/0.24 140/1.32 
Fe 269/0.52 215/0.42 290/0.31 150/1.30 
Cu 370/0.23 - - - 
Mg - 188/0.35 310/0.25 125/1.45 

 
It is sometimes suggested that ion flux from the NG 
region to the CF significantly affects the balance of 
the cathode fall and thus has to be included when 
considering the CF region. As we show in Appen-
dix, this is rarely the case, so we will ignore that 
effect. 
 
2. Cathode Fall – Qualitative Consideration 
 The most noticeable feature of the NCF and Ab-
normal CF is very large strength of the electric field 
near the cathode [8]. It is so high that on one mean 
free path electrons born close to the cathode gain 
energy significantly exceeding ionization threshold 
and in some gases (He, Ar, …) they continue to gain 
energy from the electric field up to the very end of 
the CF region where the field is already weak [4,7]. 
In this case electrons obviously do not reach any 
kind of equilibrium before they leave the CF and 
one wonders how they produce enough ion-electron 
pairs in the CF region to sustain the discharge. To 
answer this question and to investigate how CF size 
depends on the gas characteristics we consider a 
simple model similar to one developed in [9]. 
 We assume that electron collision cross-sections 

, ,mt ex iσ σ σ  are constant above their thresholds (ze-
ro threshold for mtσ ), ,mt ex iσ σ σ� , that electron 

mean free path ( ~λ 1/mt mtNλ σ= )  is only a few 
times smaller than the size of the CF d , that the 
energy electron gains near the cathode on one λ , 

~ /eV dε λ , is large compared to the ionization 
threshold I  and that eV I� .  Typically /eV dλ  
exceeds I  by a factor of 2. For simplicity we will 
also assume everywhere that after ionization colli-
sion, the new electron has zero kinetic energy and 
the incident one has the rest. Later we will discuss 
these assumptions. 
 Under these assumptions electron motion has 
diffusive rather than drift character – electrons freely 
move along electric field as well as against it. Al-
though electron quickly leaves the CF region, it also 
quickly returns back in it and may produce ioniza-
tion anywhere along its path. If this ionization hap-
pens in the NG region, then the product (ion-elec-
tron pair) stays there, and does not participate in the 
CF balance, but if ionization happens in the CF, then 
the ion is collected at the cathode, and electron may 
actively participate in the discharge. Depending on 
the position (initial energy), new electron can pro-
duce many new pairs and contribute significantly to 
the CF balance or leave CF without producing any 
new pairs. The role of electric field in this model is 
only to give electrons initial energy kick, to reflect 
slow electrons, and to collect ions. 
 Compared to ionization rate in relatively small 
uniform field E , where high energy EEDF tail is 
small ( exp[ ( ) 3 / ]ex mt exI W N eEσ σ∝ − − , where 

exW  is excitation threshold), and even at optimum 
ionization conditions ( /E p B= ) it takes electron to 
pass much larger potential difference than I  to pro-
duce one pair ( / 1eeB AI � , 2.718...e = ), in our 
case EEDF is wide and ionization is very effective: 
the ratio of ionization to excitation collisions is 
simply /i exσ σ , which in many gases is larger than 
unity. For example, in 2O , this ratio is about 5 in a 
wide range of electron energies. If too much of these 
ionizations happened in the CF, then a large misbal-
ance leading to growth of the current would result in 
shortening the CF region.  If the CF is too short, 
then most of ionizations do not contribute to the CF 
balance, current decreases and CF becomes larger. 
The balance in the CF and its size is determined by 
some kind of a convolution between CF and diffu-
sion region of high energy electrons. If voltage ap-
plied to the gap increases, then depending on the 
change of the diffusion profile in the whole CF-NG 
region this convolution may increase (resulting in 
CF shortening) or decrease (leading to CF 
enlargement). 
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 This consideration shows that the negative glow 
is an essential part for the operation of the CF, and if 
one removes it (wall too close to the cathode [5]), 
then electrons leaving the CF region will not return 
back (absorbed by the wall), and the CF may not 
even be able to sustain itself at any voltage. This is 
why the minimum breakdown minpd  is always larg-
er than npd . Of course, 1D consideration cannot 
distinguish between normal and abnormal cur-
rent/conditions in the CF, but it gives interpretation 
of the balancing mechanism in the CF. 
 
3.  Size of the Cathode Fall 
 As usual, one can estimate the size of the cath-
ode fall from the ion balance in the CF region: 

( ) 1i
CF

N x dxγ =∫ ,      (2) 

where ( )iN x  is the number of ions produced in the 
interval ( , )x x dx+  of the CF as the result of a sin-
gle electron emitted from the cathode. Since the 
problem is stationary it can be simplified further – 
one needs to know only spatial distribution of elec-
tron/ion production. The density of electrons having 
energy ε , ( , )F xε , can be found from equation 

2

2
( , ) ( , ) ( )

il

F x vF xD S x
x ε
ε ε

λ
∂

− = − +
∂

, (3) 

where /3mtD vλ= , 1/ ( )il ex iNvλ σ σ= + ,   
2( ( )) /v e x mε ϕ= − ,  and ( )S xε  is the source 

term. For Uε <  the source ( )S xε  has two terms 

1( , ) ( , )( ) ( ( ))
U

il iI

v F x v F xS x x dε
ε

ε εδ ε ξ ε
λ λ

−

+

′ ′ ′ ′
′= + −

′ ∫ , 

(4) 
where prime means that the value is taken at the 
energy Iε ε′ = +  and ( )ξ ξ ε= is the point x  where 
electron kinetic energy is zero. Since equation (3) is 
linear with respect to ( , )F xε  we can look for 
solution like 

1 2( , ) ( , ) ( , )F x F x F xε ε ε= + ,  (5) 
where 1( , )F xε , and 2 ( , )F xε  are the solutions of 
equation (3) with appropriate source term.  
 For 1F  ( 1 ( , )ilS Nv F xε σ ε′ ′ ′= ) one can use the 
boundary conditions: 

1

( )
0

x

F
x ξ ε=

∂
=

∂
,    1( , ) 0F xε →∞ = , (6) 

where ( )ξ ε is the point where electron kinetic ener-
gy is zero. Solving (3)-(4) for ( )S xε = ( )sx xδ − , we 
find the Green function ( , )sG x xε : 
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(7) 

1 1
( )

( , ) ( ) ( , )s s sF x S x G x x dxε ε
ξ ε

ε
∞

= ∫ .     (8) 

Here 1/ 3/dif mt ilµ λ λ λ= = . 

 For 2 ( , )F xε  ( 2 ( ( ))S a xε δ ε ε= − ), and ( )x Iε >  
one can find the following solution for 

/ ( )x I eEξ ξ ξ′≥ ≡ + (we assume 2 / CFeE I d> ) 

( )
2

3( ( ))( , )
2 ( ) 2

xil

mt

maF x e
eE I

µ ξλδ ε ε ξε
ξ λ

′− −−
= ,      (9) 

and for ( , )F U xε =  in the region / (0)Ix x I eE≥ ≡ , 
we can use the following solution  

( )3( )( , ) (0)
4

Ix xil
i

mt

m UF U x j e
eI

µλδ ε γ
π λ

− −−
= .   (10) 

Note, that ( )Ix U Iξ ε= = − , and similar equalities 
can be written for other energies: ( ) ( )Iξ ε ξ ε′ = − . 
Equations (4)-(10) describe EEDF resulting from the 
cascade of ionizations/excitations initiated by sec-
ondary electrons starting from the cathode. 
 The solution 1( , )F xε  describes redistribution of 
electrons in space associated with the energy loss - 
diffusive growth of the EEDF footprint ( difλ ), and 
its shift from the cathode ( ( )ξ ε ). The other part, 

2 ( , )F xε  gives contribution to EEDF due to the 
newly born electrons. The difference between 
ionization within and outside of the CF is seen from 
the second term in (4), describing the zero kinetic 
energy electrons appearing due to ionization. If 
ionization collision occurs outside of the CF region 

s CFx d> , then 1( ) 0sxε ξ −= = , and these electron 
and ion stay in place without any further effects. But 
if it occurs inside the CF region s CFx d< , new 

electron with energy 1( )sxε ξ −=  can produce more 
ionizations, and ion moves toward the cathode, 
where it is collected. The smaller sx , the larger 
energy of the second electron, the more ionizations 
it can make. 
 The size of the cathode fall CFd  appears in 
these equations only in the condition (2), and 
through the second part of the source term, where 
only s CFx d<  makes contribution to the balance. 
The current density should be determined afterwards 
as the one providing the necessary size CFd  of the 
CF. 
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4. Summary 
 The proposed model suggests that in a high field 
of normal and abnormal cathode fall, high energy 
electrons diffuse in a wide area, moving back and 
forth between CF and negative glow regions and 
efficiently ionizing the gas. The ratio of ionizing to 
exciting collisions can be as large as /i exσ σ , which 
in some cases is significantly larger than unity 
(oxygen). The negative glow region, which serves as 
diffusively reflective wall is very important for the 
operation of the CF. If one removes it, placing an 
absorbing wall too close, it may actually extinguish 
the discharge. 
 It is worth to estimate the contribution of high 
energy electrons into the balance (2). In a regular 
model electron emitted from the cathode on its way 
to the NG produces about ~ ln(1/ )N γ  ionizing 
collisions (generations), which is about 5-7 for 

2 3~ 10 10γ − −− .  In our case, this number is about 

 ~ ~
/

CF i CF i

ex i dif ex idif

L LU UN
I IU I

σ σ
σ σ λ σ σλ + +

, 

where CFL  is the size of the cathode fall, and all 
cross-sections should be calculated at high energy. 
For oxygen, using 16 2~ (7 8) 10mt cmσ −− ×  

17 2~ 6 10ex cmσ −× , ~ (3 5)i exσ σ− , ~ 12I eV  and 
Table 2 we obtain ~ 30N . In nitrogen this number 
drops to about 20, which is still very large. With 
such a “boost” from high energy electrons (even 
though most of the ionizations occur in the end of 
the CF, where the electric field is relatively weak), 
one needs only a small amplification (avalanche-
like) from electrons born in the end of the CF to 
reach the balance (2). 
 
 Author is grateful to M.N. Shneider and G.V. 
Stupakov for useful discussions. 
 
5. Appendix 
 Let us estimate conditions when the ion balance 
in the NG is provided by their diffusion to the CF 
region and when due to recombination, assuming 
that there is a positive column present, so that ions 
can only diffuse toward the cathode and the 
diffusion coefficient is not ambipolar. In molecular 
gases the recombination term can be estimated as 

2~rec mN n lβ� , where β , and mn  are the 
recombination coefficient and maximum ion density 
in the NG, and l  is the length of the NG region. The 
diffusion ion flux toward the CF is ~ /dif mN n D l� . 
Recombination dominates the balance if 

2/m crn n D l β> = . At m crn n= , the ion current 
density at CF-NG boundary is ~ ~i difj eN�  

2 3/eD lβ . If it is small compared to the normal 
current density nj , then one can always neglect it 
considering the balance in the CF. Ion diffusion 
coefficient is ~ cx TD vλ , where 1/ 2( / )Tv T M=  and 

cxλ  are ion thermal velocity and ion charge 
exchange path, T  is the gas temperature, and 

~ ~difl aλ il mta λ λ  is NG length, where ilλ  and 

mtλ  are electron inelastic and momentum transfer 

paths, 1a > . In molecular gases 0~β β = 72 10−×  
3 /cm s , so if we use for the estimate ~ 0.3/ ,dif pλ   

then 2 3/ ~ij eD lβ∼  2 3( / ) ~T T difev v aε βλ  
2 30.3 ( / )( / )Airp a M Mε 2/mA cm , where p  is in 

Torr, / ~cx difε λ λ≡ 0.3 0.01 1− <<  and /AirM M  is 
the mass ratio of the air to the gas molecule. One 
can clearly see that this value is small compared to 

nj , which is usually about 2(0.1 0.5) p− 2/mA cm . 
Hence, one can ignore the ion flux from the NG into 
the CF. 
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